Abstract. Let G -*■ GL ( V) be a faithful orthogonal representation of a finite group G acting in an Euclidean space V. For a unit vector x we choose ## 1 in G so that | gx -x\ is minimal and put S(x) = | gx -x\. We study the class of vectors x which maximize S{x) and have the additional property that | ^-jc -jc| depends only on the conjugacy class of g e G. For some special types of representations we are able to characterize completely this class of vectors.
1. Introduction. Let G be a finite group and V a finite-dimensional real (resp. complex) vector space. We assume that V is equipped with a symmetric (resp. hermitian) positive definite form (x, y) and so V is an Euclidean (resp. unitary) space. In the hermitian case we stipulate that (Xx, p.y) = Xß(x,y).
Let T be an orthogonal (resp. unitary) representation of G on V. Instead of T(g)x we shall write gx (geG, xe V). Kas a C-module has an orthogonal splitting into irreducible submodules. The number of summands is the length of V. If every irreducible submodule of V is isomorphic to a fixed irreducible G-module W then we shall say that V is homogeneous of type W. For xe V choose g e G\N such that \gx-x\ is minimal and put 8(x) = \gx-x\. Here A^=ker T. Definition 1. A vector xe V is optimal if x#0 and 8(x) = sup 8(y) where the supremum is over all y e V such that \y\ = \x\. We say that x is strongly optimal if it is optimal and \gx -x\ depends only on the conjugacy class of g e G.
If x is optimal or strongly optimal so is Xx for A^O. It is clear that optimal vectors exist. If vV =£ G then 8(x) > 0 for optimal x.
The problem of finding optimal vectors was raised by D. Slepian in his paper [4] where he studies the group codes. Such codes possess many desirable properties from a communication theory point of view. We shall determine all strongly optimal vectors for some particular (7-modules.
We consider only orthogonal (resp. unitary) finite dimensional representations of G. All isomorphisms of G-modules are assumed to preserve the length. By andx? = Xi(g)forge K.
Proof. Note that (1) implies (2) . We shall prove (1) only for V complex. The proof for real V is similar. When V is real irreducible this has been proved by Slepian [4] . which proves (1).
Definition 2. Let V be a real or complex G-module and xeV. We say that x is balanced, resp. strongly balanced, if Re (gx, x), resp. (gx, x), depends only on the conjugacy class of g eG.
We note that in the case when V is real, balanced and strongly balanced vectors coincide. If V is complex let Vo be the real G-module obtained by restriction of scalars. Then x is balanced in V if and only if it is balanced in Vo.
Corollary
1. x is balanced, resp. strongly balanced if and only if
Re (gx, x) = 2 h W2 Re nu), Vg e G;
resp.
(gx,x)=2^\Xi\2Xi(g), VgeG. Corollary 2. Let V be a real or complex G-module and Vo the real G-module obtained from V by restriction of scalars. Assume that Vo is homogeneous. Ifx e V, x#0 then x is balanced if and only if it is strongly optimal. A necessary and sufficient condition for this is that Re (gx, x) = (l/n)\x\2 Re x(g)> Vg e G. Here, x is the character afforded by an arbitrary irreducible submodule of V and « = x(l). 4. Strongly balanced vectors. In the real (resp. complex) group algebra of G we introduce symmetric (resp. hermitian) positive definite form by ( 2 t(g)g> I v(g)g) = 2 HsMg) \geG gea I gea
Then the left regular representation of G is orthogonal (resp. unitary). Let W be an irreducible real (resp. complex) G-module and V the homogeneous component of type W of the group algebra. Let n = dim W and let k be the length of V. If W is complex then n=k. If IF is real then n=k, Ak or 2k depending on whether Wis of the first, second or third kind. In all cases k is the dimension of W as Z>-vector space.
Let V= V1@-• •© Vk be an orthogonal splitting into irreducible submodules and/: W-> Vt G-isomorphisms. We can write \=e + e' where eeVand e' ± V. Since Vis a minimal two-sided ideal of the group algebra of G we have [1, p. 236] e = rk 2 x(g)g>
e is in the center of the group algebra and it is an idempotent, i.e. e2 = e^0. Since \e\2 = (e,e) = (e, l)=«a/|G|, (ge, e) = (g, e) = (n/\G\)x(g) = (lln)\e\2x(g), we see that e is strongly balanced. Proof. Let X be the submodule of V generated by x. Then we can choose an orthogonal splitting F=F1©---©Ffc into irreducible submodules so that X= Fi ©• • •© Fr for some r, l^r^k.
The theorem implies that r=k, i.e. X= V.
5. Balanced vectors. We need only to consider the complex case. Let W be an irreducible complex G-module. IF is of the first kind if it is isomorphic to the complexification of a real irreducible G-module. It is of the second kind if it affords a real character but is not of the first kind. It is of the third kind if the character afforded by W is not real. We shall omit the proof of the following Theorem 7. Le? W7 Z>e an irreducible complex G-module. Then there exists a semilinear G-isomorphism a: W->W. It is unique up to a scalar factor of unit modulus.
It is easy to see which complex G-modules V satisfy the condition of Theorem 6. Let W be an irreducible complex G-module and write « = dim W.
If W is of the first kind and n is even, say n = 2k, then we can take V^kW. If W is of the second kind then n is even, say n = 2k, and we can take V^kW. If W is of the third kind we can choose an integer k (O^k^n) arbitrarily and take V^kW@(n-k)W.
These examples exhaust all the possibilities for V (up to isomorphism).
In what follows we assume that V is the homogeneous component of type W of CG and that Wis of the first kind. We shall determine all balanced vectors in V. In this case V (resp. W) is isomorphic to the complexification of a real G-module Vo (resp. W°). Vo is isomorphic to the homogeneous component of type W° of RG. If (x, y) is the scalar product in a real G-module then we equip its complexification with a scalar product defined by (xj + ix2, yx + iy2) = (xj, yx) + (x2, y2) + i(x2, y¿ -i(xu y2) where x1; x2, yu y2 are vectors from the real G-module and /' is the imaginary unit.
If x e F then we can write x=y+iz where y, z e Va. Let V°=V1@-■ ■© Vn be an orthogonal splitting of Va into irreducible submodules. We fix a system /: W°->VT (Hr^fl) of G-isomorphisms. Then we can write J = 2"=i/r(.);r)> z=2rn=i/r0r) where yT, zr e W°.
Using this notation we have 
